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Antonio Ferri , Gino Morectt:'™’, and Simon Slutsky

1. Introduction. In the latter years of his scientific activity, Prof.

von Karman was greatly interested in the field of {luidynamics associated
with chemical reactions, which he described with the word aerothermo-
chemistry. In honoring him today, we fecl 1t appropriate to present here
some work in this ficld performed by @ uroup of scientists, who worked
following his inspiration under the dircction ol the senior author. The
work was performed at the General Applicd Seleace Laboratories, Inc.,
of which he had been one of the founders and with which he had been associated,
The specific problem discussed here hac always been of preat anterest
to him because of his strong belief an the necessity of utilizing vehicles
with air-breatiing eagines jor hypersonic ilizit and for the first stages
of launching of space vehicles, I

The problem of burning in o stre.an Moving at supersonic speeds 1s
of practical intercst for the design of mam enpines moving at hypersonic
volocity bedanse supersonic combustion simphfies the aerodynamic and
structural ¢ siun of the eaglne,

Consiae r scacmatically a ¢lassical ramjel engine as shown in
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Figure . The engine is composed of an inlet that decelerates the air

-to subsonic velocity, Fuel is added to the stream in the burner. There

the static temperature of the air increases. The expansion of the stream
in the nozzle produces high velocities and therefore thrust.

As the flight Mach number increases t.}.ue performance of such an
engine deteriorates; the efficiency of the inlet decreases (because of
shock losses, and at the same time the static temperature in the burner
before combustion rapidly increases. Under these conditions the addi-
tion of fuel in the burner produces small changes and even possible re-
ductions in the temperature of the air because of formation of inter-
mediate reaction products such as atoms and free radicals which cannot
recombine at this high temperature. As a consequence, the largest
part of the heat release does not occur in the burner but in the nozzle,
during the expansion process. In Fig. 2, a typical variation of the static
temperature of the air as a function of Mach number before combustion
is given for equilibrium conditions. This figure also illustrates the strong
decrcase in engine efficiency as evidenced by the behavior of the specific
impulse {thrust per unit weight of fuel) obtainable with the subsonic
engine,

The structural problems related to such an engine design also become
extremely complex because of the large heat transfer in the burner
region due to the high static pressure and because the area of the mini-

mum sections of the nozzle and inlet must be varied as a function of the

Mach number.
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A careful study of the problem indicates that the subsonic approach
does not appear promising for hypersonic flight, Several different
approaches have been suggested for ramjets using combustion occur-
ring in a supersonic flow field. One approach that appears quite pro-
mising is that by the senior author suggested in Ref. 1 utilizing diffusive
mixing as a control mechanism for combustion of two reacting streams
moving supersonically in the same gencral direction {Fig. 3). One
stream consists of air, the other of gascous fuel; the two streams mix
and react, If the reaction is fast and the losses due to mixing are small
then it is found that the system can be very efficient at high Maéh numbers.
In order to obtain fast reaction the free stream air must be decelerated
to lower supersonic speeds so that the static temperature of the air in
the mixing region is increased sufficiently. The deceleration is accom-
plished by means of an inlet. However, in this scheme the most impor-
tant determining parameter is the static temperature of the air and not
the Mach numoer at the burner; therefore, a constant geometry inlet
with fixed contraction ratio can be used because as the flight Mach
number increases, the Mach number at the burner station required to
maintain the ignition temperature nccessary for reliable combustion
also increases. In order to minimize mixing losses, the fuel is injected
tangentially to the stream, and at high velocity. A very convenient fuel

for this application is hydrogen because of its high specific imp-ulse as
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as well as because of its attractive cooling capabilitiecs, However,
other fuels can be utilized for various specific applications,

The mixing of the two high veloaity streams of fuel and air must
occur in a short time. If the pressure and temperature at the mixing
region is sufficiently high, the mixture reacts almost instantaneously,
After combustion the flow is expanded in a nozule in which the flow
remains supersonic throughout. The time available for reaction in
practical burner lengths is of the order of 10—4 to 1072 scconds because
in the hypersonic flight regime the gascs in the engine move at velocities
of the order of 104 ft/scc. Simple fixed geometry engines which have
very attractive performance capability can be designed based on such
requirements. Typical engince performance attainable on the basis of
a cycle analysis for a fixed jcometry cngine are shown in Figures 4
and 5 (taken from Rcference 2). Fipure 4 gives the flow properties
at the burner region for the ¢ngine as a fuanction of Mach number. Fig-
ure 5 giveé‘the specific impulsc of tne fuel and of the air. This cngine
scheme promiscs future maximum spccific impulses of the order of 2000
sec. This is almost as good as that obtainable with chemical rocket
engines. A detailed discussion of the problems reclated to the engine
design and of the practical possibility of such a configuration has been
given in Ref. 1 and a more up-to-date analysis of such problems is pre-

sented in the Seventh Lanchester Lecture delived tomorrow in London,
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by the senior author (Ref. 2}, In tiiis paper some of the analytical
approaches-<developed in relation to tiie {luidynamic and chemical prob-
1

lems will be reviewed in sounice detail,

2. Combustion Processes Controiicd by Mixing., In the mixing

process of two strcams moving in « parallel direction, various trans-
port mechanisms take place, including diffusion of species, conduction
of heat and exchange of momentum between the two fluids. Either the
mass diffusion process or the therimal diffusion process associated with
mixing can be used in order to scncrate a stable combustion process.
These two different mechanisms for controlling combustion each have
practical interest, with application, howcver, to different speced ranges.
The diffusion of species is a more suitable mechansim for obtaining
efficient combustion control at high flight Mach numibers, whereas the
thermal transport can be usced to control combustion in the lower range
of flight Mach number or when the chemical reactions are slow,

In order to clarify the difference i)(:twcun the two controlling pro-

cesses consider a jet of a gas discharging into the flow of a different

pas moving at supersonic spceed {(Fig, 6). For the high values of flight

Mach number, one of the streams will be "pure' air which has been decel-

erated to lower Mach number and therefore has high static temperature,
while the second is gaseous fuel also at high temperature, possibly be-
cause it has been used for cooling the structure. The mixing of the two

gases is gradual, Because of the high static temperature in the mixing

ey

b
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region and the large conscqueit reaciion rates, combustion takes Dince
very rapidly. For practical vidues of siatic Pressdre and temperature ,
the mass diffusive mixing Process 1s mucir slower than the reaction Pro-
cess; therefore the mixin: is the Contronany mechanism for the heat release.,
A requirement for such a combostion #rocess 1s that the air stream be de-
celerated to sufficiently lower (but ~ui! supersonic) Mach number and igh
static temperature 50 that the react.: s become very last, The combustion
length in this casc is then determines by ihe mixing length,

At lower {light Mach narmbers, the toascrom stailc temperature that
can be reached by decelerating t¢ Gir <troam is not sulliciently high o
produce hizh reaction rates, Therefore, such @ mechanism is not satisfac-
tory \’mlcss the fuel is at much h. her temperature than the air, In this case,
heat transport can be usced for il Cotniistion control, As un cxample of
combustion control by thermal Wransport we can consider a stream of a pre-
mixed combustible gas, such as air and hydrogen, and assume that a small
pilot jet of precombusted sas having very high static temperature of the fuel
mixture. Because of this hizh local termperaiure, reaciion 1s initiated, iHeat
is produced locally that tends to balarice the cooling on the boundaries of the
pilot flame caused by the mixing process, If the heat producced by the reaction
is larpe enough to at least balance the cooling produced by mixing, then the
combustion continues and the [lame exXtends into the premixed Lus,

Examples of the two differen: types of combustion are indicated in

Figures 6 and 7. Figure 6a indicates schematically the geometry of the



apparatus and the flame shape. The air temperature of the external
stream in this case is sufficiently h'i_qh to start combustion., The static
temperature increases rapidly and combustion takes place as éooh as
mixing occurs, Figure 6b is a photograph of‘ the flame obtained experi-
mentally for this case. The experiments are taken from Reference 3.
Figure 7a indicates schematically the geometry and the flame shape for
the second case. In this case, the central jet has very high temperatures,
The central jet has been obtained by combusting fuel with an oxidizer at
subsonic speed. The external flow is cold, however the flame continucs
because of the local heat release at the mixing zone., Figure 7b shows a
photograph of a flame obtained experimentally for this condition at GASL.

This second process is of interest because it indicates that supersonic
combustion can be gencrated also when the static temperature is low and
can be controlled by a mixing process. Furthermore, t};is scheme can be
useful when the reaction rates are smail as in the case of hydrocarbon com-
bustion processcs,

3. Qualitative Description of the Mixing Process in Presence of Chemical
Reaction. The problem of the mixing of two reacting gases is extrerely
cornplex because of the many fluidynaniic and chemical pararncters involved.,
The simplest possible case that can be considered is when the process is
approximately two-dimensional or axially symmetric, and this casc is indicaas
ted schematically in Figure 8. A jet of gascous fuel is injected in a stream

of air moving at supersonic speed. The velocity vectors, V1 and VZ of the



air and of the fuels are different but have approximately the same direc-

tion. The static pressures at the exit arc equal and the static temperature

T, and T, are different. The line a - a of Figure 8 is either a plane of

1
symmetry or an axis of symmectry or a wall. The two gases mix, Several
regions of the flow can be defined; the line AA divides the region in which
the fluid is air (region 1) from the region 2 where the fluid contains the

elements nitrogen, oxygen, and hydrogen. Line AB further divides the

region in which the fluid is pure hydrogen from the rcgion 2 where a mix-

ture exists,

For this simple mixing problem two limiting cases can be considered
analytically,[;t}‘xe first limiting case corresponds to the assurnption that the
two gas.es do not react:? Then the process is a pure mixing process that can
be analyzed én the basis of mixins theorics using boundary layer types of
equations. In such an analysis, it the mixing is of larmninar type, the analysis
can be performed cither numerically without necessity of additional simpli-
fications or analytically by simplifying the description of the transport proper-
ties. If the mixing is turbulent, then information concerning the transport
propertics must be obtained from additional experimental studies. The
analysis of this type of problem requires substantial extension of existing
methods because of the low molecular weizht of the hydrogen which affects
the transport propertics, Use of classical types of analysis which employ .
simplified or mixing length theories {or representation of the transport proper-~

—

ties give unsatisfactory results, ; The second limiting case corresponds to
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the assumption that the gases react immediately, i.e., the reaction rates

are infinitely fasti] In this case local equilibrium exists so that Mollier
{

diagrams can be used to determine the numerical relationships between
pressure, density, temperature, total enthalpy and composition. In this
second limiting case, additional regions and an additional line can be defined
in the flowvcalled the 'flame sheet'" (line AD of Fig. 9). The flow in region
2a is oxygen rich, containing only water vapor, oxygcn.and nitrogen whereas
in region 2b the gas is hydrogen rich, and contains water vapor, nitrogen
and hyd-rogen. Consequently the remaining concern is only with the
adequate description of the rnixing process. Howcver, it rnust be noted
that in the usual mixing type of analysis, using boundary layer types of
equations a required assumption is that the pressure does not change
strongly in the direction norrnal to the streamlines, This is not
necessarily the case in a combustion process where large variations of
density occur locally., Such variations of density are concentrated in the
region of large heat release and produce large deviations of streamlines
and therefore variations of pressure., The pressure disturbances travel
approximately along Mach waves of the flow. Therefore the assumption
introduced in the boundary layer type of analysis is not justified,

In the case of chemical equilibrium, the pressure variation influences
the transport properties and changes the mixture cornposition and therefore,
the assumption of constant pressure at any given cross section can be

misleading. In addition the process of combustion in a confined flow is

-
i

quite different from the simplified picture of free mixingi\considered above,

i
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because of the prescnce of the burner walls.,! Two different sets of

—

modifications must be introduced in the analysis in order to obtain
; /

-

cor'rect information on the actual behavior of the flame.?
(i) f{inite rates of chemical reaction must be consi'dered,
(ii) the assumption of constant static pressure in the normal direction
to the stream must be removed, and the effect of external boundary
conditions must be introduced.
The first set of modifications imposes severe complications on the
numerical analysis. First the various chemical reactiorsimpor;ant for the
combustion process must be defined. Then the chemical reaction rates

must be obtained experimentally. Then an analytical procedure must be

established, where the local composition of different species is determined

»
.

from the {inite rate chemical process and not on the basis of local
equilibriurn properties taken {rom a Mollier diagram.

The second set of rmodifications is required when combustion in a duct
is considered as schernatized in Figare 10, The non-zero angularity of the
injection system, the pressure gradients gencrated by the mixing and
combustion processes and the sresence of external walls, require that
the propagation of pressure disturbances in the presence of the mixing
process be considered. Such an approach is somewhat new since viscous
problems are traditionally analyzed by using a boundary layer type of
approximation. The introduction of finite rate chernistry and of non-uniform
pressure distributions imposes such a large complication on the analysis

that it becomes mandatory at this stage of the problem to use numerical
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procedurces for the investigatioa,

In the following sections somc of the procedures developed in
connection with the foregoing concepts will be described, Since the
comb ined effects of multi-dimensional acrodynamics, diffusion processcs
and finite rate chemistry must be treated, a tremendous expenditure of
c omputing time may be anticipated unless special computing methods are
devised., Some new approaches suited to this type o{'problcm which
eliminates numerical instabilitics in the calculations due to finite rate
chemistry will be described, Three orincipal steps related to the
numerical procedures had to be taken and will be discussed here., The
first step is related to the description of rinite rate chemical reactions.
In this phase of the analysis the assumption can be introduced that the
concentration of elements dovs not change alonyg any given stream line,
so that mixing processes can be ignored.

In the second step the above one dimensional chemistry is combined
with rnixing using a boundary layer type of analysis,

In the third step two-dimensional or axially symmetric combustion
processcs are considered which take place within rigid boundaries and
with large pressure gradients,

Step Onc:One-Dimensional Finite Rate Chem istry. In this section we

wish to discuss the nature of the chemical system in the absence of mixing

or diffusion effects., The basic concepts governing this idcalized case



are the conservation of spucivs, nomentuin and energy wrilie

respectively (Ref. 4, 5, 0)
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where p is the mixture density, u the mean (mass) velocity, H the

total enthalpy, p the pressure, a, the mass iraction of the i-th species

and v, the chemical rate of production of the i-th species in moles/sec~
i

vol. The total enthalpy is constant by Eqg. 3 and is further defined by

N
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where h. is the partial enthalpy of the i-th species. If we describe tie

s

m-th chemical reaction involving reaciant species Ry in the general form

N T :\'
~ —— S -
(5) V' . R. N 1
Z— m1 = ~>—-—— Ymi R
i=1 an‘ 1=1

to the m-th reaction can be written

1 t

V..: Vv .

' ! ] —_— 'mj — mj
6 Y = - i v - v
(6) Ymi (le Ymi b ; >J m 'J' Y

where y; is the concentration (moles/unit vol.) of the i-th species, v
: m.

and b, tae

.

n
i . . R 3 N . RN £. - {
ana v . are either zero or positive integers and the factors ‘tn*

forward and backward reaction rates are functions of temperature only. Then

(7) Yl =§ Ymi = Fi (TrYl: Yz.-..yN) i .
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The mass fraction q. and mole coLverniratian y; arc related by
»

r
P

where Wi 1s the molecular weipint,

In addition to the conservation cquations the gas mixture obeys the

cquation of state which can be written

(9) p=RTY
where N
93
Y = y =D<A 1 - &
Z- i /
N -

Furthermore, there exist L linear relationships armong the species
concentrations corresponding to the constancy of cach of the L element
mass fractions,

As scen from the above Eq. 5 it is necessary to have detwailed infor-
rnation concerning the nature ol the chemical reaction steps and of ail
the reaction rate constants appearing in the chemical genceration described
by £Eq. 6. As mentioned earlicr. this 1s in seneral a v ery difficult tasi
for the physical chemist. It is therefore very fortunate that in the ;:ase of
the hydrogen-air reaction which is of yrcat interest in hypersonic engine
technology, the chemistry and rate xinclics are Xnown in suiricient detail
to meet the nceds at hand. It has been lounc that eight forward and eight
backward reactions involvina six reacting species plus nitrogen as an inert
gas describe the essential mechanism at the ternperatures of interest,
These are listed as follows:

f

(10) 1. H+ O;=—=OH + O
b
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(1) 2. O+H &= O +H
2

(12) 3. H +OH==1i - H O

2 2
(13) 4, 20HE==0 +# O
(15) 6. HZO +MT=0i +H - M
(16) 7. OH + M= 0 +H +M
(17) 8. O, +M=z=20+M

where M is any species acting as a ihird bouy. The scven species
H, O, Hzo, OH, OZ, HZ and .\') are numbered respectively from 1
to 7 and for lack of better information, the concentration of M is
considered to be cqual to tac sum of all scven of the species concen-
trations.,

The corresponding reaction rate covificients were estimated (Retf, 6, 7)

as follows:

. 14 581G/ T
f=3x10 e
14 —9050/
f’ =3 x10 o G U SU/ T
(18) £ =3 x 100473020/
f =3x101‘10-JU..h/l
4
19 1 -54,00G0/T
£, =20.8x10 T 54, 000/T
21 -1 -02,200/T
£, = 30.6 x 10 Lp=i,-02,200/1
19 1 -52,000/T
f,=25.3%10 T 1,752,000/

1 _ ¢ s -
2.9 x 10 9T L, 00,660/ T

-
]
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14 _g0s0/ T
b =4 x 10 e (}O\')U/ 1

14 -303G/T
3 x 10 e

o
n

14 -1260/T
-3 x10 e

1260/ T
3 x 1044 71200/ '

log
"

o
1]

(18)
-1.5 -52,000/T

(cont’d) - p =10"'T e

n

> -56,000/T
b, = 1023771 5,738 000/
6

21_-1.5 -51,000/T
b =10 7%

by =14 x 1023 -2 5,739, 600/T

T is the absolute tcmperaiure in deorees Kelvin, The rates f,-f
H e 1

8

-

and bl—b4 are in units of ij/xnulv soC o whille bi-bg are in cmb/molezscc.
The integration of the .Love sysiens of cquations is a simple matter
on larpe scale digital compuivrs ane was carricd out for one-dimensional
flows at a number of organizations during the receat years (Ref, 8). It
was noticed during these calculations that the step sizes 1imposed by the
Runge-Kutta and predictor-corrector crror control criteria were exireme-
ly small c¢ven though it appcared that there were neyligible chemical changes.
in the gas stream. Yet, when the step slze was increased, violent
numerical oscillations of the reactive species, O, H, OH, and HZO
occurred., This behavior o the computations was already well known
and was discussed in connection with chemical kinctics problems as long

ago as 1952 by Curtiss and Hirschfelder (9) and as recently as 1962 by

Hirschfelder (1D) as well as many others, Comparison was made in
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these references with the Vstiff cquation' problem occuring in over-

controlled servomechanical systern,s,

The physical basis of tae "'stiffness" can be somewhat clarified by the

following reasoning. It is noted from Equations (10)-(17) that every

reaction generating water(y3) reauires the expenditure of OH radicals (y 4)

l.e.,

! - o .
(19) Y3 T %34 % 7 %33 Yy

where

and the balance of O is contrulice by tiae equation

(20) Y, = -a,,y. = {>un: of the other terms)

where

t Dy, + D, y, 4+ i, Y
172 27 Ty

Since the concentration of the Q! radical (y4) is always small, and since
the rate of production of water in the hydrogen-air reaction is very fast,

the coefficient a34 of y4 in Equation (19) must be very large and intrinsiéally
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positive, It is also noted that the coefficient agq, of ¥4 in Equation (2)
is never smaller than az4 and is therefore also very large and positive,
It was found that during the initial and final stages of the reaction (which
are the troublesome regions, a44 and the "sum of the other terms' do not
vary too rapidly and the Equation (20) can be described qualitatively (thougn
somewhat crudely) by the uncoupled linear equation in which a = ay4 is

very large

(21) )r= -ay+ b

The solution of the finite difference systern approximating this equation

has the form

- qx“. , 4 _b ’ ; _ M )
‘n "u a ! 3
where
a = (1-aAs) - Euler integration
or
2 3 :
s (1 aas , ras)  (aas) (3as)”
a = -a T N - T 7 T, /- Runge Kutta

Aside from any questions of truncation error it can be show that numerical
instability will result for absolute values of a s greater than two and spurious
for a As greater than one. The step size must therefore be bounded by
magnitudes of the order of 1/a which is a very severe constraint. Exceeding

the above type of size limitation has been responsible for meaningless results.

.
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Observance of the limitation {to time incremeents of the order of 10-8 sec)
has contributed greatly to the difficully in application of nurnerical methods
to engineering combustion problems., 1t is further to be noted that the
difficulty of carrying out finite rate calculations in the neighborhood of
chemical equilibrium is related to this same problem of stiff equations

and small stepsize,

Faced with thy urgentnecd for a practica: solation of this dilemma,
a very detailed investigation of the nature of the chemical equations in the H;-
4ir reaction was initiated at GASL, Referernce 11, In particular the second
named author of this Paper procecdedby reducing the species continuity
equations to fourth order by using clemnent conservation which was used
to ¢limirate C) and N2 s0 that th TUMNALLING vyuations can be written in

tvrms of the active specics A,0, 1,0 and OH. It was found by numerical

experimentation that the molar rates of format.ion ~  to -;,4 could be ,
1

divided into three principal groups. These were ot the form

_<t
"

>

-+

Bij y; ot i C.. vy vy Lahx=l-4

[
o
Py

i

where A, Bi_} and Cijk represent siowly varying functions. In the initiation-
and near cquilibrium phases of the reuction (which were the numerically
recalcitrant phases) it was found that the third terrn {the surm of quadratic
terms) was several orders of miagnitude smaller than the first two contributions,

This and the near straight line variation of the mass fractions obtained in

Reference 5 when plotted (versus time) on a semilog plot Figure 1], suggested
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that the species conservation eguations were essentially near-linear
with near-constant coefficients and that linearization techniques should
be very useful in this system. This lincarization was carried out by
expanding the products of the concentrations in a Taylor series, retaining

only terms of zeroth and first order:

22 = o - - "O _ O o]
(22) Yi Yy TNy T Y Yy %Y,
The conservation of species(Equation 1) can then be written

dyj AN
2 ¢ = - .
(23) at Yoty o i T 3
=1
where
1 ap
(2‘1) v = P gt

The expression of the species conscrvation c¢quation in terms of the
concentrations Yy instead of the rnass (ractions a; is & convenicence because
then the c; and a5 depend only on temperature instead of both temperature

and pressure which would be otherwise required. The condensation g is
assumed constant over a single calculation step., For a given step, cocfficients

. s . o
cij and a;; are functions of the initial values of the concentrations y; and the

J

temperature T©, which is likewise assumed constant at the initial value for
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the step. The coefficients arc written cut in detail in Reference 11,
Under the above assumptions the system Equation 23 can be solved for
a single calculation step.

For a constant or prescribed pressure variation along the flow the
velocity is determincd by Equation (2) «ud the temperature from Equation (4),
using piecewise parabolic temperaturce fits (o describe the species enthalpies
hi(T).

However, the temperature is also -pecified by the equation of state,
quation (9) when the pressurc is spec:iiicd, Since these two values of
temperature denoted by T(p) and T(h) ure not in general equal, a second
chace of a4 is made and the solution procedure repeated and the error T(p)-
T(h) noted. r‘:n interpolation and i{teraticn urocedure is then usec to minimize

the error. The density at the end of the step is then computed from

(25) p = vy W,

It will be noted that the systermn of Equation (23) as defined above is
piecewise lincar and amenable to many solution technigues other than
Runge-Kutta or predictor-corrector,

The first solution procedurc usced wus by determination of the
exponential solutions, The problem of stability therefore did not arise.
Since the equations actually bchave like lincar equations with constant

cocfficients at initiation and near equilibrium, it was not surprising that the

solutions were found to extend with accuracy over several orders of magnitude
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in a single calculation step in these reaction recions, It was found
that the entire reacuion could be desoribed with asceful accuracy in as
little as 10 steps whercas if 40 steps were used (t:'lking 4 scconds on an
IBM 7094) the results were practically indistinguishable from the Runge-
Kutta, prediclor-corrector solutions using about 10,000 steps. Itis also
significant to note that c¢ven with the crudest stepsizes, the asymptotic
values of the solutions are correctly reached., Some curves, Figure 12
illustrate this rather well., It will Lo noted that the permissible stepsize
at the beginning and at the c¢nd of the rcaction (cquilibrium) become very
large in complete rcversal of e requirements of the Runge-Kutta procedure,

The exponential solution technique presents,of course, no difficulties in
the hydrogen-air reaction which 1s reZucible to a fourth order system., But
GASL is also much concerned waia chomical systems such as methane-air
combustion whica has thirteen species redacibic only to nine. The determination
of the cigenvalues of the genoril non-symmetric ninth order mairix is a
clumsy, time consuming and not very accurate opceration even on the largest
available computers, Other numerical solution procedures were therefore
examined. Among the integration methods that resulted i stable numerical
suquences were the subdomain method, least squarces and Galerkin, Undoubt-
edly others are possible. The subdomain method (Ref. 12) was found to be
particularly convenicnt for numerical application to large order systems,

In order to illuminate the reason that instability was so successfully
climinated by this method it is usciul to consider application of the sub-
domain method to the first order equation (Equation 2) whose stability was

considered previously for the Euler and Runge-Kutta solutions.
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Using an assurned parabolic variaion of concentration with time,
substituting the parabola with wnccterimined cocificients i Equation (21) and
setting to zero the integrals of the residue taken between 0 and A/2 and
between A/Z and A cnouph conditions are satisfied such that successive

solutions are related by the difference cquation

aA o b A
26 = - — — +
(26) Yo+l yn(\ iy / 3,
where 1 ) 2
Doz — 1 3+(3~a4) . >0
12 J
This can be integrated;
n 9] i
y. = oy, —:— (l-¢ )
(27)
whore
.'1,’_'_\
« =1 - —
UO

The quantity ap / Dois a positive number Lying between zZero ancd 93 it
folobws that the solution Equation (27) cannot oscillate but instcad appreaches
the correct asymptotic value, b/a.

The cxtension of the above mathod to larze systems such as the
hydrogen and methane oxidation reactions has been carried out successiully,
An accurate calculation of a cornplete hydrogen reaction requires less than
10 seconds of 7094 comnputer time and the mothane reaction takes about

20 to 30 seconds.
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Step Two!Coupled Diffusicn and Chemical Reaction in Shear Flows, Having

eliminated the obstacle of small chemical step size, there remains the
problem of coupling the above described technique of chemical computation,
which is a one-dirnensional process, with shear flow, which is at least two-
dimensional, The problem was approached by splitting the species mass
fractions into two components, one of which satisfied a portion of the
species conservation equation containing the diffusion operator but no
chemical generation whereas the other component did the reverse. For
purposes of exposition, the conservation cquations are written below for a
two-dimensional steady boundary layer flow with Lewis and Prandtl nurnbers
equal to unity and the eqguativns are cast in sircam function coordinates.
(Note that these simplifications were not actually made in the practical case,

nor were the equations actually written in these coordinates.)

(28) 3 < cu; Wy
= - (pup 3 ) + 1 1
2s L 3L pu
(29) 2 H 3 3H
= ( pup —)
As o4 Dy
30) Su 2 2
( ' = (pup )
ds 3y vy

It is clear that the above equations present no numerical problems

in integrating in the case that ¥; is zero. For 4 unequal to zero we deline
i
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(31) «, =p *tq
1 1 1
and
’ Bp, ) 3 (p+ .
(32) L= (pup 1y
3s ERY 3

Then in order to satisfy Equation (28), g must satisfy

3q. \Y ]

(33) S T -y =B "ZA..(D +.q)
N e i i j 1)t i
¢S plA

In the above, Tr,ic,:m be considered lincarized and the Bi and Al.]
coefficients differ from the <y and aij oi Equation (23) only by including
the Wi/pu factor.

It is possible to fix the initial conditions for p; and q, at the beginning
of a cormnputation step in more than onc way. In particular, it is possible

to assume the cornbination

(35) 9,0, - gr y,) =0
pi(xnm. yk) = ai(xn. yk)
and
q; (xmo. yk) = ozi (x_, yk)
(36)
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The subscripts n, k are chosen in anticipation of the finite difference net
formulation, and the added zero to n + 0 is rcquired since p and q are in

general streamwise discontinuous across a net point although their sum

‘a is continuous.

The choice of initial conditions turns out to be irrelevent for cither
explicit or implicit computations insofar as numerical stability is concerned.

Consider the explicit formulation with conditions, Equation (35). Then
the difference .equation corresponding to Equation (32) becomes very simple

(the p; becomes uncoupled) and the solution can be written

N A s

k)

5> L pi(n. k)

(37) (n +1, k) =p_(n, 3
"y i (av)=  k

where the operator Lk is intended to indicate the vertical shift and summing

operator;

L = {
kpi(n. k) =1/2 (1k+1

+ ;.k) l)i(n. k +1) - (fk'_ i 2,:"-*f )p'(n, k)
(38)

T k-l
i e )

Then the solution ai(n%-l,k) term is the chinze in chernical composition over
the diffusion step in which p; is assumcd to remain constant ard is calculated
from the subdormain chemistry routine as previously described for the

equation
3 v
s—{q *p.(n, k) =B~ ZA (g +p (n, k)
S 1 1 1 J 1) ) J

(40)
(9+ p (n, X)) =p(n, k) =gl n, k)
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where a (n, k) is determined at the (n, k) mesh point, The solution to
i

Equation (40) can then be expressed formally:

(41) q(n +1, k) =E (n, k) + D «a(n, k)
i i 1))
It should be noted that p; nced not be kept constant in (40) but can be
treated in the subdomain method as a known cistribution.

Equation (39) becomes

a{n+l, k) =M a(n, k) + E (n, k)
i ij j 1

M. =6 +Y§ L +D

1) 1j 1) k ij
~1 1:}
o =
N0 1%
As
= 2
{(Av)

For stability the cigenvalues of M must all have absclute value less than one,
In order to examine the stubility of this system, the approximation

f was rnade in Equation (328) so that the von Neumann approach

f ki)

kel = 1

is applicable. Then

(43) YIL @ (n, k) =- 2y (l-cos 8) o (n, K)
k™5 K ]
The stability condition can then be stated
A-l<x +1-2Y[f {l-cos 8) <1
D k
where )\D is the real part of any eigenvalue of D,

Then
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ka( l- cos 6) 2i. (l-cos 3)

(44)

The lower limit requires that} r\bc negative and the upper limit that

Eey

o, 2 + Ap
(45) A <
4f
K

and that ) be not less than -2, i.e.,
D

-2 < < 0
46 2 <A
(46) b
In order to cstimate the cigenvalues of D inan analytic form, we
are unfortunately forced again to consider thu uncoupled equivalent of
Equations{40) and (41). The solution in this case for a two step (parabolic)

subdomain technique 1s

( A L S 7=

47 q. (n +1, k)= o« (n, K) r

(47) ; 5% 5.
]

he 2

where D, =1/12 | (3- Als) - 3J|

(48)



so that
(49) 94 €y = 285 <y
D~ "p, |

-

This satisfies the rcquirement (46). For a one-step (linear, sub-
domain technique, the uncoupled cquation gives the same form of

solution as (47) except that

(50) D—5 D1= i- _.é__és__
2
and
i . A As
(51) . "2 S ALE D,

The inequalities of Eq. (51) for the one-step subdomain tcchnbiq.ze
still satisfy Eq. (46) but with all of the approximations made, it is
probably a poor risk for coupled diffusion, Just as the eigenvalues of
the magnifications matrix depend on the order of thy rit, so it also
varies somewhat when least squarces or Galerkin methods are used.

It can be shown in a similar way that use of Condition (306) results
in a completely cquivalent step size criteria,

It was furthermorc fourd, on the basis of the samc heurisiic type
of reasoning that the implicit coupled process is unconditionally stavie,

we wish to remark at this time that the stability analyscs outlined
above leave much to be desired [rom the point of view of uxaciness or
thoroughness. Nevertheless they served their purpose in that they dlum-

inated the landscape into which wc¢ were venturing and made it possible



to estimate rather well the order of c¢ffort required.

In application of the forcgoing to physical problums an axisym-
metric configuration was considered, both because of convenience in
adapting existing programs, and bucausce of the availability of experi-
mental results with which comparisons were possible and desirable,

Since the flows coasidercd were turbulent the formulation of the

conservation cquations, for an axisymmetric turbulent flow was based

on that of the paper by Zeiberg and Bleich (Ref. 13):

R s 1L e u? 5 ] v
(52) Coy 1 : L SpYy Swy - i
- - - R {
CX L ci g & eRY 4 pu
(53) Zu 1 3 I s T 4 2 za,
= - - - Epuy -
3 x au P o Ty v 2
- 4
- -
— ¢l 1 3 1 = C 1 2 3T ‘
C = S —— . — — €puy —— |
; P ¢&x Ix STV L LIS
(54) p L J
> - 2 - R _]
(p‘dy‘_ I ad L(' Cr OCII : . .
5 P — . - C ~ - nw.y
[ NS TL i PLo3y J up L

where ¢ is the stream function and is related to y by

U L
- 2 v oav
G

In the above, LC is the turbulent Lewis number, ¢ the turbulent

Prandtl number, Cp the mixturce specific heat and ¢ the turbulent vis-

cosity. In view of the turbulent nature and the uncertainties of tne
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mixing in the flow all justification tor usc of multispecics diffusion
codficicpts disappears so that a single Lewis number is in order,

The determination of a model to be used for description of the
turbulent viscosity is a subjcct of considerable difficulty, especially
for jet flows with large density gradients as occurs in connection
with a jet of hydrogen into air. A discussion of the problems involved
is presented in Ref. (1) and the results of more recent work will be
prcsented in London (Ref, 2) tomorrow., For the purposcs of our
combustion studies, we have therefore left open a small black bo?c
in our digital computer labceled eddy viscosity into which we pour‘
any model of viscosity that scems appropriate at the moment,

The program was first iricd cn for size on a 4-inch diameter
jet flow which was of somvce interest in connection with 2 high-altitude
fuel dumping problem. The jet of hydrojen issacd at 1038 ips and
temperature of 276°K into 4 kot high-speed exterior stream of air
moving at 3069 {ps and temperature 1333, 539K, Both streams were
assumed at .0l atmosphere pressure,

The viscosity model used in this case was given by
(56) € =.025 r, pu - pu
12 17¢ e 7}

where 2 1s the radius at which pu is the mean value between g ou

¢

and pu. The resulting calculation (Fig. 13) showed the external stream
J
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first drops in temperatare whore it aides with ne cold hydrogen and
then at a distance of about 4 Icet reversces and starts to hceat up so
that a peak temperature develops at aboat o253 feet from the axis,
The temperature peak then shifts to the axis which has developed a
fairly large mass fraction of oxyjen (Fig. l4). As Burning proceceds
this free oxyocen then rapidly reacts with the excess hydrogen on the
axis.

This calculation has no experimental counterpart available at this
time, but was presented beciusc it shows (1) the non-existence of a
flamse-shecet, and (2) the intercesting developmient of a first temperature
prak in the nydrogen-air mixing roeglon,

A second case treated was that of tne O, 0-inch diameter hydrogen
jet mentioned cariier in conneciion with mass dilfusion control.  Here
the pressure distribution moeasurcd alon, e axis varies rather strongly
both below and abdove atmospheric pros-ure.  Calculations were made
assumin_ lLal toe static pressurc s Lporoximately constanl across any
cross scotion of the jet and chanzes only along the jet.  Sucn calculations
made with scveral different pressure disirioutions snowed sirong resuiting

urve computed

o
o)
o
'--
O

axial stagnation temperature varsiatons {(oig. |1

using a pressure distribution s.u.alating the measured distribation (Fig. 16)

e

showed excellent agreement witn the mceasured axis stagnation ternperature,

Radial stagnation temperaturce variations measured at station x = 0.9 1t
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also agreod very well with calculated vaiucs, (Fig. 17).  The flame
shape (Fig. 18) was not too wcil simulated and the complex prussure
ficld may have something to do with this.

The third case considered was of the axisymmetric f{lame propa-

gation from a pilot flame 1nto a premixcd hydrogen-air flow at atmos-

o
pheric pressure, 300 K and 2100 fps and with equivalence ratio of one,

This is the <ase referred to in connaction with combustion control by
thermal conduction and diffusion combined with species diffusion. In
Fig. 19 we have plotted the calculated isotherms for the flow, It is
seen that the pilot first cools but then the temperature rises rapidly

The isotherms spread out

i

along the axis as the premixcd gos ignites.

on parallel cones with a slope vl about 10°.  This angle is in excellent

acrcement with the obscrved angle ou ine experimoental counterpart of

<

have farthoer plotted the computed

this caw ulation. In Fig, 20 we
streamlines superimposcd upon the lsotaerms. It will be noted thuat
tihe streamlines behave very rceasonably, curving away from the axis in

froat of the flame and straightening out o the {lame.  The streamlines

co not become completely straight on the figure because the heat rolease

is not entirely complete.  These results scem o indicate very good

agreement of the theory with expuriment in this type of flame propaga-

tion problem.

In a scnse Fig. 20 also indicates the limitations of the method of



computation, sincce the curvatarce of the sircamlines lncreases indelinit-
cly with distance away from the axis., Such a flow cannot exist at large
radial distance without development of pressure gradients,

Step Thrcee: Supcrsonic Combustion with rPressare Gradicnts and

Mixing, The assumption in the analysis of the combustion that the
static pressure is constant at any given section notably simplifies the
problem. However, it is not suificiently accurate for such purposes
as the detailed design of combustion chambers because of the large
variation of temperature and density produced locally by the reaction,
as pointed out in the Introduction,

For the type of process analyzed the chemical reaction produces
much larger pressure variations than the diffusive process, and is the
main cause of large pressurc sradients.  In this casce, it can be assuned
in the analysis that the variation ol prossarc due to mixing is small
comparcd to the variation of pressure procaced dy the reaction and can
be calculated as a perturbation of a basically inwviscid flow. wien this
assumption is introduced, an approximuate analytical method can oo
developed which takes into account the complex pressure varilations duc
to reactions (Ref. l4).  Since these pressure are usuaily described in
terms of a characteristic network, this was taken as the basis {or a

calculation procedure. We write the exact vquations for supcersornic

flow with diffusion and chemical effects, putting the usual inviscid fiow



lerms on Lhe feit-hand oide an. the remdaning termms on the Sight-
hand side.  Such a system van ue foratally iransiosmed into a4 sys-

which diffcerentiation alunz streaaiines
O

tem in

can be »mresent only in tae lert-nana si
t

system involves (1) the determanation ui toe

istics, (2) the solution ol the compatibility

and (3) the solution of the cnergy cquation

and ¢

de A form

3

racteristics

sic

~nal solution of this

intessection of character-

equation along the character-

along the streamline.

istics,

Such cquations are quasi-linear and toereiore can be handied by well-
known techuniques. The cocificicats on the left-hand sicde o{ these equa-
tions contain the contributions of the inviscid effccts only, In a character-
istic step such contribations arc approximated at the initial points and

a first approximiation oI Dros=sare il cntielpy i3 made at the interscection
of the Charactvrisiics.  On oo Dasis of s pressere and entpalpy, a
Better —valtation of the (ho.nics. reeclion along a strvamline is made.

alorvmentioneG CoeiliCoviis il

The
acteristic compatatluon 1s repeated.

¢

a the two-dimoensicnal case, the Jaumentuin

Yormulation e

/ paoy Tp = A
> 5
- \ )
(59]) 1 6 - =0
s n

TLodified,

ancé tne char-

cquations for the above



where pis density, p is

direction of the velocity relative to cugine axis,

is given by
(59) A=(pq)
nn

where pis the viscosity.

Pressure, G

AnG o tiie moduius and

The quantity A

The subsequent solution of the compatibility cquations requires

that A be constant or of s
step.

e ae s 0
the initialliy known value A,

e velative

Then the initial comub.

variation during an integration

w7
o

itation can be made approximately using

followcea Dy iteration to obtain a more

accurate mean value A,

™
-
]
(63
43

Tiie continuity cqguation

(00) Qp -

23 ;i V] = v
18

and the cnergy ecguation can be

state & {assumin,

. lor simplicity that

the Loewis and Prandtl numiers are ogaal to unity)
- v 1 [
(ol) H = (5.
s pq fol.
where H ois the total enthualpy
2
(62) H=h+q /2

h being the static enthalpy.

The usual neglect of diffusion along

the streamline has been made
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in comparison with lateral diffusion.
L4

In order to complete the description of the system we express

the enthalpy by means of the cquation

N N
3 >t
4 = .+ T
(63) hs hiaxs 5 o ™
i=l i=1

where o is the mass fraction of specics 1. From the equation of
i

state we further obtain

" T. :
(64) oo Pes __pTs pup ) ®is g
S [o} T i vVi

R being the gas constant and W the molecular weight of species 1.
i

The specivs conservation equations must take inlo account the
mixing of species between streamlines asd thie change in mass-fraction

\

of the species due to cnemical reaction along the sireamline.  Thus,

, 1 : ) LY
(65) o« = — pD — ihe
18 0q 3n on foXel

where, again for simplicit A single binary diifusion coelficient D
’ = ’ :

has been assumed. For unit Lowis number we can substitate

»

(o0) oL =4
The subscquent algebraie manisulations 10 pul the equalions nlo
suitable characticeristic form arc tedious s0 that details should be sougntin

Ref. {14). It is shown that the third.equation to be used with Eq, (57)
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and (58) can be put in the form

(@ + —)g_ + p TFo =E
(67) q P S o
dh
where F=T Za —_—
1 dT
RpFT —
E = —1—(pHn) -Zh_a_ N T
pq n 1 1 1 p i .‘v.
i

It is scen that the viscosity does not appear in (57), (58)
and (67) except on the right-hand side and so docs not directly
effect the streamline and characteristic directions and the location

of the nct intersections,

Conclusion. In conclusion considerable progress has been made
in the mathemaolical treatmoent of problems anvolvin: coupled axis Jdows,
diffusion and chemical reaction,  In particuiar, .‘tln: mathematical descrin-
tion of multispecies chemical readtions nas been very greatly expedlled
and rendered applicable to two-dimensional llow problc:ns.\ A rnumber
of experiments involving both initially uanm:xed and proemixed hvdrogen
were available for cumparison with calcaiated results, A

E'I'GL‘I.“.L‘RT. 198

many important respuects was excelleat,
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Fig. No. 13..Temperature distribution for cold jet in h.it exterior air flow
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